Abstract. We finish a classifying scheme of C * -algebras. We show that the classes of discrete C * -algebras (as defined by Peligard and Zsidó), type II, and type III C * -algebras (as defined by Cuntz and Pedersen) are closed under strong Morita equivalence and taking "essential extension". Furthermore, there exist the largest discrete finite ideal A d,1 , the largest discrete anti-finite ideal A d,∞ , the largest type II finite ideal A II,1 , the largest type II anti-finite ideal A II,∞ , and the largest type III ideal A III of a C * -algebra A with
Introduction
Murray and von Neumann defined in [16] (see also [11, 15] ) three types of W * -algebras according to the abelianness and finiteness properties of their projections. Since a C * -algebra needs not have any non-zero projection, a similar classification for C * -algebras cannot go verbatim. Cuntz and Pedersen defined (in [7] ) type II and type III C * -algebras according to certain abelianness and finiteness properties of their positive elements. They used these, together with type I C * -algebras, to obtain a classification scheme that captures some features of the W * -algebras one.
In [19] , we use open projections in A * * to obtain another classification scheme for C * -algebras parallel to the one of Murray and von Neumann. Moreover, we observe that discrete C * -algebras (as defined by Peligard and Zsidó), type II C * -algebras and type III C * -algebras also form a good classification scheme, and some of the results in [19] have their counterparts in this scheme. The original aim of this article is to presents these results. However, we find that one has much better results and a much better classification scheme in this case.
Let us first recall the notion of discrete, type II and type III C * -algebras. An element x ∈ A + is said to be abelian (in A) if xAx is an abelian algebra (see [20, p.191] ). As in the literature, A is said to be anti-liminary if there is no non-zero abelian element in A + . Following [7] , for x, y ∈ A + , we write x ∼ y if there is a sequence {z k } k∈N in A such that x = ∞ k=1 z * k z k and y = ∞ k=1 z k z * k . A positive element x is said to be finite in A if one has y = x whenever y ∈ A + satisfying 0 ≤ y ≤ x and y ∼ x (see, e.g., [7] ). Notice that a projection in a W * -algebra is finite as a projection (in the Murray-von Neumann sense) if and only if it is finite as a positive element (in the Cuntz-Pedersen sense). A W * -algebra M is a type I, type II or type III W * -algebra if and only if M is a discrete, type II or type III C * -algebra (see Proposition 3.9(d)). We also recall that a type I C * -algebra is discrete but the converse is not true (e.g. B(ℓ 2 )). In fact, we obtained in [19, Proposition 4 
.3(a)] the following relation:
A C * -algebra A is of type I if and only if A as well as all the primitive quotients C * -algebras of A are discrete.
It is not hard to see that A is discrete if and only if every non-zero hereditary C * -subalgebra of A contains a non-zero abelian hereditary C * -algebra, or equivalently, a non-zero abelian element (see [21, Theorem 2.3] ). We will give alternative looks of discrete, type II and type III C * -algebras in a similar fashion (see Theorem 3.3, Remark 3.4 and Corollary 3.7). Here, by an "annihilator ideal", we mean the set of annihilators of another ideal. (a) Assume that B is either strongly Morita equivalent to A or is an essential extension of A. Then A is discrete (respectively, of type II, of type III or semi-finite) if and only if so is B.
(b) If A is discrete (respectively, of type II, of type III or semi-finite), B is a hereditary C * -subalgebra of A, and J is an annihilator ideal of A, then both B and A/J are discrete (respectively, of type II, of type III or semi-finite).
(c) The class of discrete (respectively, semi-finite or type II) C * -algebras is the smallest class that contains all abelian (respectively, finite or anti-liminary finite) C * -algebras and is closed under strong Morita equivalence and essential extension. (d) A is of type III if and only if for every hereditary C * -subalgebra B ⊆ A, there is an essential closed ideal of B with the bidual being a properly infinite W * -algebra.
This gives the following result (see Corollary 3.11).
Corollary 1.4.
Suppose that A is a purely infinite C * -algebra (in the sense of Cuntz, Kirchberg and Rørdam). If B is either strongly Morita equivalent to A or is an essential extension of A (in particular, when B = M(A)), then B is of type III.
Furthermore, with these new tools, we obtain the following classification scheme of C * -algebras (see Theorems 4.4 and 5.2, Corollary 5.4 and Proposition 5.5). Here, we say that a C * -algebra is "anti-finite" if it does not contain any non-zero finite ideal (or equivalently, there exists an essential closed ideal with its bidual being a properly infinite W * -algebra; see Proposition 4.5(a)). 
⊥⊥ is discrete, A/A III is semi-finite, and A/A sf is of type III. e) If A is semi-finite, then A/A II is discrete and A/A d is of type II.
h) If A and B are strongly Morita equivalent, then A # and B # (for # = d, sf, II, III) corresponds to each other, under the canonical bijection between ideals of A and ideals of B given by an imprimitivity bimodule.
i) There exist the largest finite ideal A 1 and the largest anti-finite ideal A ∞ of A. One has A 1 ∩ A ∞ = (0) and A 1 + A ∞ is an essential ideal of A. j) A/A 1 is anti-finite, and A/A ∞ is a finite C * -algebra. k) If A is discrete (respectively, semi-finite or of type II), then so are A/A 1 and A/A ∞ . l) Let J ⊆ A be a closed ideal, and q : A → A/J ⊥ be the quotient map. Then One consequence of the above is the following corollary (see Theorem 6.7, Corollary 6.8 and Propositions 6.4 and 3.10). Corollary 1.6. (a) Any prime C * -algebra is of one of the five types: finite discrete, antifinite discrete, finite type II, anti-finite type II, or type III. (b) If the primitive spectrum Prim(A) of A is Hausdorff, or A is an AW * -algebra, or A is the local multiplier algebra of a C * -algebra, then A can be represented as the algebra of C 0 -sections of an (F)-Banach bundle over an open dense subset Ω of Prim(ZM(A)) with each fiber being a nonzero prime C * -algebra of one the five types. If, in addition, A is discrete (respectively, anti-finite), there is a dense subset of Ω on which each fiber is discrete (respectively, anti-finite).
Furthermore, for any C * -algebra A, one has
and M(A III ) are also finite discrete, anti-finite discrete, finite type II, anti-finite type II and type III, respectively.
Suppose that the spectrum of A is extremely disconnected (in particular, if A is AW * -algebra). Then
If, in addition, ZM(A) ∼ = ℓ ∞ (I) for some set I, then for each i ∈ I, there exists a C * -algebra A i , which is of one of the five types, such that
is the multiplier algebra of A. As usual, we write ZM(A) for Z(M(A)). For any subsets X, Y, Z ⊆ A, we write XY (respectively, XY Z) for the linear span of {xy : x ∈ X, y ∈ Y } (respectively, {xyz : x ∈ X, y ∈ Y, z ∈ Z}). We also write
Notice that if X is an ideal of A, then X ⊥ is a closed ideal and X ⊥ = {a ∈ A : aX = (0)}.
Let us also give a brief account on open projections, which was introduced by Akemann in [1] (see also [2, 14, 20, 23] Proposition 2.1. Suppose that A is a C * -algebra and e, p, q ∈ OP 1 (A) with p, q ∈ Z(A * * ).
(a) If z(e) is the central cover of e in A * * , then z(e) ∈ OP 1 (A) and her A (z(e)) is the closed ideal, A her A (e)A, generated by her A (e).
Let us sketch a proof for part (c). As her A (p) + her A (q) ⊆ her A (p + q − pq), we know that e ≤ p + q − pq and the assumption
will produce the contradiction that e = e(p + q − pq) = 0 (see part (b)). and we denote e f := f − r 0 . We say that e is dense in f if e f = f . Notice that her A (e) ⊥ = her A (1 − e 1 ).
(b) D is said to be disjoint from B if BD = (0). Clearly, D is disjoint from B if and only if D ⊆ B ⊥ . As in [23] , we say that B is essential in A if there is no non-zero hereditary C * -subalgebra of A that is disjoint from B (or equivalently, B ⊥ = (0)). Thus, e is dense in f if and only if her A (e) is essential in her A (f ). (c) The ideal I := ABA is essential in A as a hereditary C * -subalgebra if and only if for every non-zero closed ideal J of A, one has B ∩ J = (0) (or equivalently, B ⊥ does not contain a non-zero ideal of A). In fact, if I is essential in A but there is a non-zero closed ideal J ⊆ A with BJ = (0), then IJ = ABAJ ⊆ ABJ = (0), which is a contradiction. Conversely, suppose that B satisfies the said condition and D ⊆ A is a non-zero hereditary C * -subalgebra. If J := ADA, then BJ = (0), and hence (0) = ABADA ⊆ IDA, which implies that ID = (0) as required.
Next, we give a brief account for the notion of strong Morita equivalence. The readers may consult some standard literature on this subject for more information (e.g. [13] ). Let X be a right A-module equipped with an "A-valued inner product", i.e. a map ·, · A : X × X → A such that it is A-linear in the second variable, x, y * A = y, x A , x, x A ≥ 0 and x, x A = 0 exactly when x = 0. If X is complete under the norm defined by z := z, z A 1/2 (z ∈ X), then it is called a Hilbert A-module. A Hilbert A-module is said to be full if the linear span of { x, y A : x, y ∈ X} is dense in A. For any x, y ∈ X, we define θ x,y : X → X by θ x,y z := x y, z A (z ∈ X). The closure, K A (X), of the linear span of {θ x,y : x, y ∈ X} in the Banach space of bounded linear operators on X is naturally a C * -algebra with involution θ * x,y := θ y,x . If B is another C * -algebra such that there exists a full Hilbert A-module X with B ∼ = K A (X), then we say that A and B are strongly Morita equivalent. Remark 2.3. Let X be a full Hilbert A-module and B = K A (X).
(a) One may equip the conjugate vector spaceX of X with a canonical Hilbert B-module structure: y˜b = (b * y)˜and x˜, y˜ B := θ x,y (x, y ∈ X; b ∈ B). As X is full, for every a ∈ A, the map defined by Ψ(a)(x˜) := (xa * )˜belongs to K B (X), and Ψ is an isomorphism from A onto K B (X). Moreover, as the closed ideal of D generated by A is the whole algebra D and the same is true for B, we know from Proposition 2.1(a) that z(e) = 1 = z(1 − e). As a more explicit reference, the readers may consult, e.g. [5, Theorem II.7.6.9] .
(c) For every closed ideal I of A, we set XI to be closed linear span of {xa : x ∈ X; a ∈ I}. Then XI is a full Hilbert I-module, and K I (XI) is a closed ideal of B. Moreover, the map I → K I (XI) is a bijection from the set of closed ideals of A onto those of B.
(d) Suppose that C is a hereditary C * -subalgebra of A such that ACA = A. Then C is strongly Morita equivalent to A. In fact, one may take X := CA and equipped it with the canonical Hilbert A-module structure.
3. Two news looks of discreteness, type II and type III Let us start with the following simple lemma, which is implicitly included in [7] .
Lemma 3.1. Let B ⊆ A be a non-zero hereditary C * -subalgebra and F A be the set of all non-zero positive elements that are finite in A.
A such that 0 is an isolated point of σ(x)∪{0} (in particular, if x is a projection), then xAx is a finite C * -algebra.
The next lemma is a crucial step toward the new looks and the classification scheme.
Lemma 3.2. Let A and B be two strongly Morita equivalent C * -algebras. Then A has a non-zero abelian element (respectively, finite elements) if and only if B does.
Proof: We will only give the proof for the statement concerning finite elements since the other statement follows from a similar argument. Let D and e ∈ Proj
(notice that the equivalence relation in [21] produces a * -isomorphism between her D (e 1 ) and
Let us first show that p 1 = 0. Suppose on the contrary that p 1 = 0. Then e 1 = 0 and z(e 0 ) is dense in z(e) = 1 (by [21, Lemma 1.8] ). This implies that z(p 0 ) = 0 and hence p 0 = 0, which is absurd because p 0 is dense in the non-zero open projection p. a C * -algebra is of type III if and only if it has no non-zero finite hereditary C * -subalgebra.
(b) Remark 2.3(d) and Theorem 3.3(d) implies that every discrete (respectively, anti-liminary, semi-finite, type II or type III) hereditary C * -subalgebra of A is contained in a discrete (respectively, anti-liminary, semi-finite, type II or type III) closed ideal of A.
Hereditary property.
With the help of Theorem 3.3, we will obtain in Proposition 3.5 below some hereditary properties of discreteness, type II, type III and semi-finiteness. Apart from part (a), these properties seem to be new. Notice that, by Remark 2.2(c), the hypothesis in part (b) means that B ⊥ does not contain any non-zero ideal of A, but the presentation in the statement here seems more informative. Proposition 3.5. Let B be a discrete (respectively, type II, type III, semi-finite or antiliminary) C * -algebra.
(a) If A is a hereditary C * -subalgebra of B, then A is discrete (respectively, of type II, of type III, semi-finite or anti-liminary). (b) If B is a hereditary C * -subalgebra of a C * -algebra A such that I := ABA is an essential ideal of A, then A is discrete (respectively, of type II, of type III, semi-finite or antiliminary). In particular, M(B) is discrete (respectively, of type II, of type III, semi-finite or anti-liminary). (c) If B is a closed ideal of a C * -algebra A, then both B ⊥⊥ and A/B ⊥ are discrete (respectively, of type II, of type III, semi-finite or anti-liminary).
⊥ is discrete (respectively, of type II, of type III, semi-finite or anti-liminary).
Proof: (a) This part follows from the definitions. (b) We will only consider the case when B is of type II (as the argument for the other cases are similar). By Remark 2.3(d) and Theorem 3.3(d), we know that I is of type II. Suppose that (0) = D ⊆ A is a hereditary C * -subalgebra. Then ID is non-zero. As DID = (0) and it is a hereditary C * -subalgebra of I, we know that D contains a non-zero finite element. On the other hand, if D = aAa for an abelian element a ∈ A + , then DID is a non-zero abelian hereditary C * -subalgebra of I, which is impossible. These show that A is of type II. Proposition 3.5(b) implies that the property of being discrete, type II, type III, semi-finite and anti-liminary are stable under essential extensions. Furthermore, Proposition 3.5(d) states that these types are preserved under quotient by annihilator ideals. In contrast, the quotient of a discrete C * -algebra by an arbitrary closed ideal needs not be discrete (e.g.
is of type III). We also note that, if B is a W * -algebra, then an ideal of B is an annihilator ideal if and only if it is σ(B, B * )-closed. Thus, the phenomena in Proposition 3.5(d) extends the corresponding situation for W * -algebras.
Suppose that I ⊆ A is an essential closed ideal of A and (0) = D ⊆ A is a hereditary C * -algebra. Then I ∩ D = DID = (0). On the other hand, a closed ideal J ⊆ A is always an essential ideal of J ⊥⊥ . These, together with Remark 3.4, gives the following.
Corollary 3.7.
A is discrete (respectively, semi-finite) if and only if every non-zero annihilator ideal of A contains a non-zero abelian (respectively, finite) hereditary C * -subalgebra.
3.3.
The second set of new looks. The following can also be regarded as another new looks of discreteness, semi-finiteness and type II.
Theorem 3.8. Let A (respectively, F and F al ) be the class of all abelian (respectively, finite and anti-liminary finite) C * -algebras and D (respectively, SF and II) be the class obtained from A (respectively, F and F al ) by taking strong Morita equivalences and essential extensions. Then D (respectively, SF and II) is the class of discrete (respectively, semi-finite and type II) C * -algebras.
Proof: By Proposition 3.5, we know that every member in D is discrete. Conversely, if A is a non-zero discrete C * -algebra, [21, Theorem 2.3(iii)] gives an abelian hereditary C * -subalgebra A 1 of A such that AA 1 A is an essential ideal. Thus, by Remark 2.3(d) and Proposition 3.5(b), we know that A ∈ D.
Secondly, as in the above, every member in SF is semi-finite. For the other inclusion, it suffices to show that for every semi-finite C * -algebra A, there is a finite hereditary C * -subalgebra A 2 ⊆ A such that AA 2 A is an essential ideal of A. Indeed, by Zorn's Lemma, there exists a maximal family {B i } i∈I of finite hereditary C * -subalgebras of A such that AB i A and AB j A are disjoint for all i = j in I, and we set
Because A 2 is the c 0 -direct sum of finite C * -algebras, it is finite. Moreover, AA 2 A is essential, by the maximality of {B i } i∈I and Remark 3.4(a).
The statement concerning II follows from the same argument as in the second case (note that the c 0 -direct sum of anti-liminary C * -algebras is anti-liminary).
3.4. W * -algebras and C * -algebras of real rank zero. Next, we want to compare discreteness, type II and type III with the corresponding properties of W * -algebras. These comparisons could be known, but since we do not find them in the literature, we present them in Proposition 3.9 below for later reference.
Note that this proposition follows from Lemma 3.1(c), the fact that all hereditary C * -subalgebras of a real rank zero C * -algebra are of real rank zero, and the fact that for any W * -algebra M and p ∈ Proj 1 (M), pMp is finite as a W * -algebra if and only if it is finite as a C * -algebra (this fact follows from [7, Theorem 3.4] and the corresponding fact for finite W * -algebras).
Proposition 3.9. Let A be a C * -algebra with real rank zero. (a) A is discrete (respectively, semi-finite) if and only if every non-zero projection in A dominates a non-zero projection which is an abelian element (respectively, finite in A).
(b) A is of type II if and only if every non-zero projection in A is not abelian but dominates a non-zero projection which is finite in A. (c) A is of type III if and only if it has no non-zero projection which is finite in A. (d) If, in addition, A is a W * -algebra, then A is a type I, type II, type III or semi-finite W * -algebra if and only if it is, respectively, a discrete, type II, type III or semi-finite C * -algebra.
3.5.
Purely infinite C * -algebras and tracially infinite C * -algebras. Another application of Proposition 3.5 is the following proposition, which shows that type III is weaker than the notion of purely infinite C * -algebras as defined by Pedersen and Cuntz [7] (in the case of simple C * -algebras) as well as by Kirchberg and Rørdam [12] (in the general case). Note that Proposition 3.10 implies, in particular, [12, Proposition 4.4] .
In fact, we find another property that looks very similar to type III (compare Proposition 3.10(a) and Corollary 4.6) and lies between type III and pure infinity. This property will also be needed in Section 6 below. Before introducing this property, let us first consider traces on C * -algebras. In the following, we denote by T (A) the set of all lower semi-continuous semi-finite traces on A, and by T s (A) the set of tracial states on A. Here, a trace τ of A is semi-finite if τ (x) = sup{τ (y) : 0 ≤ y ≤ x and τ (y) < +∞} for every x ∈ A + (see [8, Definition 6.1.1]). Note that this semi-finiteness is slightly stronger than the one in [7] . It is easy to see that τ is semi-finite, in the sense of [8, Definition 6.1.1], which gives a contradiction.
Conversely, if τ ∈ T (A) \ {0}, then the semi-finiteness of τ will produce an element x ∈ A + with 0 < τ (x) < ∞. Without loss of generality, assume that x = 1. It is clear that x − (x − 1 n ) + → 0 and the lower semi-continuity of τ tells us that
As in the argument of [7, Lemma 4.1] , there is g ∈ C(σ(x)) + and λ > 0 such that y = yg 1/2 (x) and g(x) ≤ λx. Thus,
and T s (yAy) = ∅.
(b) Let J be an essential closed ideal of A with T (J) = {0}. By Proposition 3.5(b), it suffices to show that J is of type III. Suppose on the contrary that J contains a non-zero finite hereditary C * -subalgebra B. Then [7, Theorem 3.4 ] implies that T s (B) = ∅, which is a contradiction (see the argument of part (a)). Now, if A is purely infinite, it follows from [12, Proposition 5.1] that T (A) = {0} and A is tracially infinite. Proposition 3.10 tells us that tracial infinity stands between pure infinity and type III. Note that pure infinity passes to quotients (see [12, Theorem 4.19] ) but the quotient of a type III C * -algebra can be semi-finite (see [7, Remark 3.14] ). On the other hand, we do not know whether tracial infinity coincides with type III. One can find in [18] some equivalences of the statement: "every type III C * -algebra is tracially infinite".
The following is a direct application of Proposition 3.10, Theorem 3.3(d) and Proposition 3.5. Notice that if A and B are separable C * -algebras that are strongly Morita equivalent with A being purely infinite, then [12, Theorem 4.23] implies that B is also purely infinite. The same may be true for non-separable C * -algebras but we do not find it in the literature. 4. Anti-finite C * -algebras and an equivalent form of type III C * -algebras
As seen in Theorem 3.8, stability under both strong Morita equivalence as well as essential extension plays an important role in understanding discrete and type II C * -algebras. Clearly, finiteness is not preserved under strong Morita equivalence (e.g. C is strongly Morita equivalent to K(ℓ 2 )). However, it is stable under essential extension, as stated in part (a) of the following lemma. This lemma could be known, but we present it here for completeness. ′′ such that
Asπ 0 (M(B)) ⊆ D, we can defineσ :=σ •π 0 . It is easy to see that (πσ, Hσ) is the canonical extension of (π σ , H σ ) on M(B). Moreover, we have ker πσ = {x ∈ M(B) :σ(x * x) = 0}, sinceσ is a tracial state. Now, if a ∈ M(B) + satisfyingσ(a) = 0 for every σ ∈ T s (B), then πσ(a 1/2 ) = 0 (σ ∈ T s (B)), which givesπ 0 (a 1/2 ) = 0 and hence a 1/2 = 0. Consequently, M(B) is finite (by [7, Theorem 3.4 
]). (b) As I is an essential closed ideal of I
⊥⊥ , the argument of part (a) tells us that τ can be extended to a tracial state τ 0 on I ⊥⊥ . Furthermore, as I ⊥⊥ + I ⊥ is an essential ideal of A, the trivial extension of τ 0 on I ⊥⊥ + I ⊥ (i.e. it vanishes on I ⊥ ) will again extends to a tracial state on A.
Motivated by the classification theory of W * -algebras, we make the following definition of anti-finiteness. Note that a W * -algebra is anti-finite if and only if it is properly infinite, but the name "properly infinite C * -algebras" is already in used.
Definition 4.2.
A C * -algebra A is said to be anti-finite if it contains no non-zero finite closed ideal.
We set
A ∞ := {J ⊥ : J is a finite ideal of A} and
It is easy to see that A ∞ is the largest anti-finite ideal of A. We will show that A 1 and A ∞ can be regarded as the "finite part" and the "infinite part" of A, respectively. Let us first give the following lemma. 
This gives
and
⊥ be the quotient map. By part (d) and Relation (4.1), one has
and the canonical * -homomorphism from A 1 to M(I 1 ) induces an injection from q(A 1 ) = A 1 /(I ⊥ ) 1 to M(I 1 ). Hence, Lemma 4.1(a) tells us that q(A 1 ) is finite and q(A 1 ) ⊆ q(A) 1 . Now, suppose that J is a non-zero closed ideal of q(A) 1 . Since q restricts to an injection from q −1 (J) ∩ I ⊥⊥ to the finite ideal J, we know that q −1 (J) ∩ I ⊥⊥ ⊆ A 1 and is non-zero (because q −1 (J) I ⊥ ). Thus, J ∩ q(A 1 ) = (0), and q(A 1 ) is an essential ideal of q(A) 1 . Similar arguments as above show that q(A ∞ ) can be regarded as an essential extension of I ∞ (and hence q(A ∞ ) ⊆ q(A) ∞ ) and that q(A ∞ ) is an essential ideal of q(A) ∞ . (f) Since J ⊥ is σ(A, A * )-closed for every ideal J ⊆ A, we see that A 1 is the largest σ(A, A * )-closed finite ideal of A. This gives the required conclusion.
[7, Theorem 3.4] tells us that A is finite if and only if τ ∈Ts(A) ker π τ = (0) (we use the convention that this intersection is A when T s (A) = ∅). One also has the following description of anti-finite C * -algebras in terms of tracial states. (1) A is anti-finite (2) τ ∈Ts(A) ker π τ is an essential ideal of A.
There is an essential ideal J of A with J * * being a properly infinite W * -algebra.
(b) If A is separable, then A is anti-finite if and only if ker π τ is an essential ideal of A for every τ ∈ T s (A)
Proof: (a) Set J := τ ∈Ts(A) ker π τ .
1) ⇒ 2).
Suppose on the contrary that J ⊥ = (0). Since the representation τ ∈Ts(A) π τ is injective on J ⊥ , one knows that T s (A) separates positive elements of J ⊥ . Thus, we obtain the contradiction that J ⊥ is a finite closed ideal of A. 2) ⇒ 3). Assume that there is τ ∈ T s (J). By Lemma 4.1(b), τ extends to an element τ 0 ∈ T s (A). This gives the contradiction that τ (J + ) = τ 0 (J + ) = {0}. Hence, T s (J) = ∅, and the bidual of the essential ideal J is properly infinite. 3) ⇒ 1). Suppose on the contrary that A contains a non-zero finite closed ideal I. Then I 0 := I ∩ J = (0). As I 0 is finite, it has a tracial state τ and τ extends to a tracial state on J (by Lemma 4.1(b)), which is impossible. (b) Assume that there is a non-zero finite closed ideal I ⊆ A. By [7, Corollary 3.6] , there is a faithful tracial state τ on I and it extends to τ 0 ∈ T s (A). It is easy to see that I ∩ker π τ 0 = (0) and hence ker π τ 0 is not essential. The converse follows directly from part (a).
The above and Remark 3.4(a) give the following. The reader may note the similarity and different between Statement (3) below and Proposition 3.10(a).
Corollary 4.6. The following statements are equivalent.
(1) A is of type III. Example 4.7. If G is a separable connected non-amenable locally compact group, then the reduced group C * -algebra C * r (G) is anti-finite.
The classification scheme in terms of discreteness, type II and type III
In this section, we will consider the remaining statements in Theorem 1.5. Proof: (a) We first show the existence of the largest type II hereditary C * -subalgebra and that it is an ideal. Let J II be the collection of all type II closed ideals of A. Suppose that one has J 1 , J 2 ∈ J II . If J 1 + J 2 contains a non-zero hereditary C * -algebra B, then by Proposition
On the other hand, if B = a(J 1 + J 2 )a for a non-zero abelian element a ∈ (J 1 + J 2 ) + , then B ∩ J 1 = (0) or B ∩ J 2 = (0), but they are both abelian, which contradicts J 1 , J 2 ∈ J II . Thus, J 1 + J 2 ∈ J II , and J II is a directed set.
For any nonzero closed ideal J of A, we denote by p J the element in
and there is J ∈ J II with ep J e = 0, which means that her A (e) ∩ J = (0). Hence, her A (e) ∩ J contains a non-zero finite element. On the other hand, if her A (e) = aAa for a non-zero abelian element a ∈ A + , then her A (e) ∩ J will contain a non-zero abelian element, which contradicts J being type II. Consequently, one has A II ∈ J II . Finally, if B ⊆ A is a hereditary C * -subalgebra of type II, then, by Remark 2. (c) If A al contains a non-zero abelian element x, then xAx ⊆ A d and we have a contradiction that x ∈ A al ∩ A d . Thus, A al is anti-liminary. On the other hand, if B ⊆ A is a non-zero anti-liminary hereditary C * -subalgebra, then 
On the other hand, Theorem 5.2 and Proposition 3.5(c) also give the following. Furthermore, we want to see how type decompositions pass to hereditary C * -subalgebras, essential extensions and quotients.
Proposition 5.5. Let B ⊆ A be a hereditary C * -subalgebra, I, J ⊆ A be closed ideals with J being essential, and Q : A → A/I ⊥ be the quotient map. Secondly, we show that A # coincides with the closed ideaľ
In fact, we will only consider the case when # = II and the other cases follows from similar arguments. Since A II J ⊆ A II ∩ J = J II (by part (a)), we have A II ⊆Ǎ II . Let B ⊆Ǎ II be any non-zero hereditary C * -subalgebra. Then B ∩ J = BJB is contained in J II . As J is essential, one knows that BJ = (0) and there exists a non-zero finite element in B ∩ J. On the other hand, if B = aAa for a non-zero abelian element a, then B ∩ J is a non-zero abelian hereditary C * -subalgebra of J II , which is a contradiction. Consequently, A II is of type II and is contained in A II .
Next, we consider the equality concerning I # . Note that, by considering the canonical * -monomorphism ϕ : A/I ⊥ → M(I), one may regard A/I ⊥ as an essential extension of I. Now, the statement concerning J # implies the asserted relation, since we have We end this section with the following direct consequence of Theorems 4.4 and 5.2 (notice that
and A II,∞ are the largest discrete finite ideal, the largest discrete anti-finite ideal, the largest type II finite ideal and the largest type II anti-finite ideal respectively. These are annihilator ideals. They are mutually disjoint and are all disjoint from A III . Moreover, A d,1 +A d,∞ +A II,1 +A II,∞ +A III is an essential ideal of A, or equivalently,
Observe that the C * -algebras
and M(A III ) are also finite discrete, anti-finite discrete, finite type II, anti-finite type II and type III, respectively (by Proposition 3.5(b) and the argument of Theorem 4.4). Furthermore, one may obtain results similar to those in Corollary 5.4 for A d,1 , A d,∞ , A II,1 and A II,∞ , but we leave them to the readers.
6. Prime C * -algebras and C * -algebras with extremely disconnected spectra
In this section, we will consider C * -algebras for which we have a better decomposition in Corollary 5.6. These are the algebras on which every annihilator ideal is complementary. We will give some equivalent forms of these algebras. Before that, let us start with the following result.
Lemma 6.1. If A is an essential extension of a C * -algebra B, the map Γ : J → J ∩ B is a bijection from the set of annihilator ideals of A onto that of B.
Proof: Let I ⊆ A be a closed ideal. We first show that (6.1)
Indeed, one clearly has I ⊥ ⊆ (I ∩B) ⊥ . Suppose on the contrary that there is x ∈ (I ∩B) ⊥ \I ⊥ . Then xI = (0) and hence IxI is a non-zero ideal of A. As B is an essential ideal of A, one can find b ∈ IxI ∩ B \ {0}. Thus, b can be approximated in norm by elements of the form n k=1 y k xz k where y 1 , ..., y n , z 1 , ..., z n ∈ I, and bb * can be approximated by elements of the form Recall that a topological space (not necessarily Hausdorff) is extremely disconnected if the closure of every open subset is again open. It happens that the C * -algebras described in the beginning of this section are precisely those with extremely disconnected primitive spectra (when equipped with the hull-kernel topology). We will give some other equivalent forms of these algebras (although not all of them are needed in this paper).
Proposition 6.2. The following statements are equivalent.
(1) The primitive spectrum Prim(A) is extremely disconnected. 
3) ⇒ 4). Suppose that I ⊆ A is a closed ideal and J := I ⊥ . If p, q ∈ OP 1 (A) ∩ Z(A * * ) with I = her A (p) and J = her A (q), Remark 2.2(a) tells us that q = 1 − p 1 . As p 1 is both open and closed, it belongs to M(A) and so is q. Thus, J = qA as required. Let J be a non-zero annihilator ideal of M(A). As Prim(M(A)) is extremely disconnected (by the equivalence of Statements 1 and 5), we know that there is q ∈ Proj 1 (ZM(A)) with J = qM(A) (by Statement 4') and J ∩ ZM(A) = qZM(A), which is an annihilator ideal of ZM(A). The injectivity of ∆ follows from the fact that if p, q ∈ Proj 1 (ZM(A)) ∪ {0} with pZM(A) = qZM(A), then p = q. 6) ⇒ 1). By the equivalences established above, it suffices to verify Statement 4'. Suppose that J is a non-zero annihilator ideal of M(A). By the assumption, J ∩ ZM(A) is an annihilator ideal and there is q ∈ Proj 1 (ZM(A)) ∪ {0} with J ∩ ZM(A) = qZM(A) (because ZM(A) is a commutative AW * -algebra). Since qM(A) ∩ ZM(A) = J ∩ ZM(A), the injectivity of ∆ tells us that J = qM(A).
4) ⇒ 2). It is clear that if

1) ⇔ 7)
. This is precisely [3, Proposition 2.9].
If Prim(A) is extremely disconnected, the map ∆ in Statement 6 is actually a bijection. On the other hand, in the case when A unital, the implication 1) ⇒ 6) also follows implicitly from [22, Theorem 2.1] and [4, Proposition 3.2], but it will be easier to do this directly rather than to recall the definition of "quasi-standard" C * -algebras and their properties.
As the topology on the spectrum of a C * -algebra A is the quotient topology induced from the hull-kernel topology on Prim(A), we know that A has an extremely disconnected primitive spectrum if and only if A has an extremely disconnected spectrum. By Proposition 6.2, all AW * -algebras as well as all prime C * -algebras have extremely disconnected spectra. Proposition 6.2 also tells us that if A has an extremely disconnected spectrum, then A is prime if and only if dim ZM(A) = 1. Moreover, by [3, Example 2.10], the C * -algebra M loc (A) of local multipliers of A, is boundedly centrally closed (and hence has an extremely disconnected spectrum).
In the following, we denote by βI the Stone-Cech compactification of a (discrete) set I.
Proposition 6.3. Let A be a C * -algebra with an extremely disconnected primitive spectrum.
Suppose that there is a set I with ZM(A) ∼ = ℓ ∞ (I). Then I is the disjoint union of subsets I d,1 , I d,∞ , I II,1 , I II,∞ and I III such that for # = {d, 1}, {d, ∞}, {II, 1}, {II, ∞}, III, there is a continuous field {A ω } ω∈βI # of C * -algebras on βI # with A # being the algebra of continuous sections of {A ω } ω∈βI # . Moreover, A i is prime for each i ∈ I # , the canonical map
A i is injective and i∈I # A i can be regarded as an essential ideal of A # . ). For every i ∈ I # , we consider p i to be the projection in ZM(A) corresponding to the point mass at i. Then we have A i = p i A and the open projection corresponding to A i is again p i . Suppose that J is a non-zero closed ideal of A i and p ∈ OP 1 (A) with J = her A (p). As p ≤ p i and p i ∈ M(A), we know that p 1 ≤ p i . Since p 1 ∈ M(A) (by Proposition 6.2) and p i is a minimal projection in ZM(A), we know that p 1 = p i and J is an essential ideal of A i . This shows that A i is prime.
Clearly, A i is an ideal of A # and I # := i∈I # A i is a closed ideal of A # . As A # also has an extremely disconnected spectrum, the open projection q with I ⊥ # = her A (q) is the indicator function in ℓ ∞ (I # ) for a subset S ⊆ I # . If S is non-empty and i ∈ S, we will have the contradiction that A i ⊆ I # ∩ I ⊥ # . Thus, I # is an essential ideal of A # . Finally, suppose that a ∈ ker Θ. If we consider a as a continuous section on {A ω } ω∈βI # , then its values at every i ∈ I # is zero and hence a is the zero section (as I # is dense in βI # ).
Part (a) of the above tells us that the decomposition in Corollary 5.6 extends the corresponding one for AW * -algebras. Moreover, part (b) applies to all AW * -algebras whose centers are of the form ℓ ∞ (I).
Because of Proposition 6.3(b) as well as the fact that prime C * -algebras are those with no non-trivial annihilator ideal, one may regard prime C * -algebras as "C * -factors". We end this paper by considering some other situations when C * -algebras can be "decomposed" as continuous fields of "C * -factors", each of which is of a particular type. 
is an open dense subset of Prim(A). For every P ∈ Ξ d , the image of A I in A/P is a non-zero closed ideal of type I. Thus, by part (a), A/P is discrete.
Secondly, we consider the case when A is anti-finite. By Proposition 4.5(a), there is an essential closed ideal J 0 of A with T s (J 0 ) = ∅. Set
Then Ξ ∞ is an open dense subset of Prim(A). If P ∈ Ξ ∞ and q : A → A/P is the quotient map, then q(J 0 ) = (0) and does not have a tracial state. Thus, q(J 0 ) is anti-finite and so is the prime C * -algebra A/P (by part (a)). In the case when A is tracial infinite, there is an essential closed ideal J 1 ⊆ A with T (J 1 ) = {0}, and we set Ξ ti := Prim(A) \ hull(J 1 ). The argument for this case is similar to the case of anti-finiteness, except that one also needs the argument of Proposition 3.10(a) for showing that if T (A) = {0}, then T (A/I) = {0} for every closed ideal I ⊆ A.
Example 6.5. Let A = B(ℓ 2 ) and P = K(ℓ 2 ). Then A is discrete and A/P is of type III. Therefore, one cannot expect Ξ d = Prim(A) in Proposition 6.4(b).
By the Dauns-Hofmann theorem, one has a continuous map Φ : Prim(A) → Prim(ZM(A)) with dense range. In fact, if we identify elements in Prim(ZM(A)) with one-dimensional unital * -representations of ZM(A), then Φ(P )(x) = x +P M (A)/P for every x ∈ ZM(A) + , whereP := {m ∈ M(A) : mA, Am ⊆ P } is the unique element in Prim(M(A)) withP ∩ A = P . Thus, Φ(P ) = ω if and only if ker(ω) ⊆P .
Let I be a closed ideal of A. It is well-known that I is the algebra of (bounded) continuous sections of a continuous fields Υ I of C * -algebras over Prim(ZM(A)) with the fiber Υ I ω over ω ∈ Prim(ZM(A)) being I/I ker(ω) (see e.g. [9] ).
The following lemma gives another description for the fiber and it also gives a "visual description" of the image of an open subset of Prim(A) under Φ. This lemma could be known, but since we do not find it in the literature, we give it argument here for completeness. Lemma 6.6. Let I ⊆ A be a non-zero closed ideal. For every ω ∈ Prim(ZM(A)), one has I ker(ω) = {P ∈ Prim(A) \ hull(I) : Φ(P ) = ω}. Consequently, Φ Prim(A) \ hull(I) = Ω I := ω ∈ Prim(ZM(A)) : Υ I ω = (0) . Proof: The second statement clearly follows from the first one. Thus, we will only establish the first statement. Since I ker(ω) is an ideal of I, one has I ker(ω) = {P ∈ Prim(A) \ hull(I) : I ker(ω) ⊆ P }. Now, pick any ω ∈ Ω and P ∈ Prim(A) \ hull(I). Obviously, if ω = Φ(P ), then ker(ω) ⊆P and we have I ker(ω) ⊆ P . Conversely, suppose that I ker(ω) ⊆ P . Let Q := P ∩I ∈ Prim(I) andQ := {m ∈ M(I) : mI, Im ⊆ Q}.
Consider Ψ : M(A) → M(I) to be the canonical * -homomorphism. Set J := AΨ −1 Q . As I ker(ω) ⊆ P , one has Ψ(ker(ω)) ⊆Q and A ker(ω) ⊆ J. Moreover, one has Ψ(IJ) ⊆ Q and hence IJ ⊆ Q ⊆ P (since Ψ is an injection on I). This implies that J ⊆ P (as I P by the assumption). Thus, A ker(ω) ⊆ P , which implies that ker(ω) ⊆P and so, ω = Φ(P ). of Ω A such that the fiber over whose elements are discrete (respectively, anti-finite or tracially infinite).
Proof: (a) By Lemma 6.6, one has G(ω) = A ker(ω) for every ω ∈ Ω A . Hence, this part follows directly from Lemma 6.6, Proposition 6.4(a) and the assumption on G(ω). (since G(ω) ⊆ P whenever P ∈ Φ −1 (ω)). Pick any ω ∈ Ω d . If A I is contained in G(ω), then we know that A I ⊆ P for some P ∈ Prim(A) \ hull(A I ), which is absurd. Consequently, for every ω ∈ Ω d , the image of A I in the prime C * -algebra A/G(ω) is a non-zero type I closed ideal, which implies that A/G(ω) is discrete (because of Proposition 6.4(a)).
The argument for the anti-finite case and the tracially infinite case are similar.
If Prim(A) is Hausdorff, then Φ is injective and the hypothesis of Theorem 6.7 is satisfied. Moreover, if A is a "standard" C * -algebras as in [22, p.127] , then the two hypothesis in Theorem 6.7 are satisfied (see also [4, Theorem 3.4] ). Thus, Theorem 6.7 gives the following corollary, thanks to [22, p.127 and Theorem 2.4].
Corollary 6.8. If either Prim(A) is Hausdorff, or A is an AW * -algebra, or A is the local multiplier algebra of another C * -algebra B, then A is the algebra of continuous C 0 -sections of a continuous fields of prime C * -algebras over a locally compact Hausdorff space Ω A with each fiber being of one of the five types. If, in addition, A is discrete (respectively, anti-finite or tracially infinite), there is an open dense subset of Ω A on which the fiber are nonzero and discrete (respectively, anti-finite or tracially infinite).
